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Singapore’s Mathematical Framework



CPA Approach:  
Concrete - Pictorial - Abstract 

• The use of concrete and pictorial representations 
allow the students to visualize mathematical 
concepts.  

• In earlier grades, students start off using 
proportional materials and later they transition 
over to non-proportional materials. 



CPA Approach: Moving From Proportional to  
Non-Proportional Materials







Number Stories 
 in First Grade



Decomposing Numbers: Number Bonds

• Understand part to whole relationships 

• Helps students visualize composing and 
decomposing numbers 

• Solidifies students’ understanding of inverse 
relationships 

• Develop algebraic thinking



CCSS.MATH.CONTENT.1.NBT.B.2.A
10 can be thought of as a bundle of ten 
ones — called a "ten."

Math in Focus Textbook 1A (Common Core Edition)

http://www.corestandards.org/Math/Content/1/NBT/B/2/a/




  8 + 5 


10 + 3     

Addition & Subtraction Strategies




Addition Strategies – Mental Math

“Make A 10”





Decomposing into Tens and Ones



Jump to Higher Numbers

Similar strategy: Breaking Apart ==>Add 10s, add 1s 




Math in Focus Textbook 2B (Common Core Edition)



Add 100s, Subtract extra 1s



Try these on your own…

• 59 + 8 = 
• 38 + 4 =  
• 41 + 9 = 
• 17 + 7 = 
• 46 + 33 = 
• 67 + 33 = 
• 78 + 98 =



How can number bonds be helpful here?

• 14 oz. + 5 oz. = 
• 50 minutes + 25 minutes =  
• 6/7 +5/7 = 
• 2.9  + 1.3 =



• Three strategies 
– Count back 
– Number Bonds 
– Subtract 10, add back 

extra 1s

How 
Decomposition 
Helps with 
Subtraction 
Strategies 

35 – 8



Transferring Students to the Algorithm







Straw Activity 



Moving from Pictorial to Abstract



Using Place Value Chips to Help Visualize 
Numbers to 100,000– 4th Grade



Using place value chips with decimals



Chips used to express fractions as a decimal



Multiplication

• Multiplication  
– 1st , 2nd & 3rd grade   

• goal is the concept of equal groups;  
• number sentence related to repeated addition 
• beginning facts 

– In 3rd  - 5th grades  
• master facts  
• concept and procedures of multi-digit multiplication.  

– In 5th & 6th  
• application of multiplication with word problems, fractions and 

decimals 
 





Decomposing Arrays to 
Help With More Difficult 
Equations



Using 10s facts to 
help with 9s





Third Grade: Transition Students to 
Algorithm



• Regrouping with 
the algorithm is 
introduced next



4th Grade – introduced to multiplying by a 
multi-digit number two ways
• Using Chips to Regroup • Using “place value” of each 

digit 



Mental Math for Multiplication



5th Grade – looking for patterns when multiplying larger 
numbers



Associative property



Fractions & Decimals



Fractions  
Divide the rectangle into four equal parts.



Partition Rectangles to Create Fractions
• A whole was equally divided into 4 parts.

• Size of one of the parts is called “(one) fourth” of the original size (a whole).

• Four “(one) fourths” are in a “whole.”  

• Decomposing into more equal shares creates more, smaller shares.
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Understanding the Unit

• Students need lots of practice being able to 
recognize and understand “What is the 
unit?”



Unit Fraction  

• Understand a fraction 1/b as the quantity 
formed by 1 part when a whole is 
partitioned into b equal parts; understand a 
fraction a/b as the quantity formed by a 
parts of size 1/b. (3.NF.1)

1
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1
5

Example of unit fractions:



Grade 3B



Understanding the Unit

• Helpful for the students to model with 
objects, so they can understand you need 
the same unit in operations with fractions 

• 3 cats + 2 dogs           5 cats 

• 3 animals + 2 animals   =   5 animals 
• 3 tens  +  2 tens  =  5 tens 
• 3 sevenths + 2 sevenths  =    5 animals



Role of numerator and denominator

2
3

Number of units (2)

Size of unit (1/3)

The numerator counts. 

The denominator 
partitions the whole to 
create the unit to be 
counted. (names the unit)

“2 one thirds”

1
3
1
3
1
3



But it is often taught as…

2
3

Number of parts shaded

Number of parts in the 
whole

This only relates directly to the part-
whole meaning of fractions.

“Numerator means the 
part that’s shaded.”

- -Sarah Jackson


10 years old




Important Questions to Ask Students

• Is each part the same size?

• What part of the whole is one part? (third or 

1/3)

• How many thirds (or 1/3s) are in one whole?

• What is the fraction of the shaded part?

• How many thirds (or 1/3s) are in the shaded part?

• What is the fraction of the non-shaded part?

• How many thirds (or 1/3s) are in the non-shaded 

part?

• What two fractions make up one whole? 

(fractions come in pairs)



Size of the Parts Relates to the Size of the 
Whole

• Both of the shaded parts 
represent 2/3.


• However, the quantity is 
different because the size of 
the parts hinges on the size of 
the whole. 


• Recognizing the size of the 
whole is very important. 

1/3 of pizza 1/2 of pizza



Understand a Fraction as a Number on  
the Number Line
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Counting and Ordering Fractions

• Have students practice counting by 
fractional units. 



Comparing and Ordering Fractions

• Order the fraction from least to greatest.
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Provide Students with Lots of Experiences Comparing 
Fractions

• Compare fractions with same denominator 

Students are comparing the number of 
fractional units.



Comparison with same numerator and different denominators

• Compare fractions with the same numerator 
• Which is bigger ¾ or 3/5? 

• Here we are comparing the size of the fractional 
units. 

• Students should understand that when the 
numerators are the same, the larger the fractional 
unit, the bigger the fractions.



If they understand that in elementary school …

• In middle school, they will understand which  
of these algebra inequalities is bigger 

• 3/x + 4    or   3/x



Can the student explain:  

• Which is bigger and how do you know? 

•     5/6     or   7/8



Use students’ knowledge of landmark fractions ¼, ½ and ¾,  to 
help them compare

Which is bigger 2/5 or 4/7? Where would each 
of these fractions go on this number line? 

           ¼                   ½                ¾



Grade 3B



Activity

Understand 
fractions are 
equivalent (equal) if 
they are the same 
point on the number 
line.

Find equivalent fractions using a straightedge (ruler) on the number lines. 





Activity
• Express various amount of water using fractions.


(You have not learned how to simplify fractions.)

1
2 Liters

• Order the fractions from the least to the greatest.

Put a Post-It and 
write

the fraction shows 
amount of water.



Equivalent Fractions



Equivalent Fractions

When you order the quantities of water (fractions) from the least to the 
greatest,  
You will notice that there are fractions that show same quantity but different 
names of fractions.  (e.g., 1 half = 2 fourths = 4 eighths = 3 sixths)



Equivalent Fractions

1
2
L 2

4
L

Understand 
fractions are 
equivalent (equal) if 
they are the same 
size.


The value does not 
change, just the 
representation of it 
has changed.



Equivalent Fractions

Explain why a fraction a/b is equivalent to a fraction (n x a)/(n x b) by 
using visual fraction models, with attention to how the number and 
size of the parts differ even though the two fractions themselves are 
the same size.  Use this principal to recognize and generate 
equivalent fractions. (4.NF. 1)
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Primary Mathematics Textbook 4A (Common Core Edition)



Decomposing and Composing fractions

3
8
=
1
8
+
1
8
+
1
8

3
8
=
1
8
+
2
8

2 1
8
= 1+1+ 1

8
=
8
8
+
8
8
+
1
8
=
17
8

Similar to decomposing 
whole numbers up to 10.(1 + 1 + 1) eighths

(1 + 2) eighths

(8 + 8 + 1) eighths

See one eighth as a unit- 
think of whole number 
addition.



Fractions: What is wrong with this?

Students were asked to calculate 3/5 + 2/3.

3
5
+
2
3
=
5
8



Ann Newman’s Analysis: 5 hurdles
• Read 

• Comprehend  
– what is relationship between the quantities 

• Transform 
– Move from words to selection of an appropriate 

mathematical strategy 
• Process skills 

– Apply the process skills demanded by the 
selected strategy  

– Number sentence & calculation 
• Encoding 

– Encode the answer in an acceptable written form

60 % 
of 
errors



Why Use Bar Modeling? 

• Helps students visualize the situation. 

• Helps students gain a deeper understanding of the operations 
they used; 
• solve, yes, but also can you explain to each other so all 

classmates understand what you did and why.  

• Shows the relationship between the quantities; 
• drawing a model forces better understanding; better than 

relying on “key words”



Part – Whole Thinking



CPA Approach

• Enactive stage: 
– Provide problem context 
– Use of concrete objects 

• Iconic stage: 
– Represent concepts and 

problems pictorially 
– Use of graphic models 

• Symbolic stage: 
– Represent and solve 

problems numerically 
– Use mental math 

strategies

3 2

3 + 2 = 5Abstract

Pictorial

Concrete



Evolution of Model Drawing



Part-Whole Models

• Visualize a whole that has two parts 
• Part + part = whole 
• Students add the two parts to find the whole, or 

subtract one part from the whole to find other 
part



Part- Whole Problems

• Useful to find the 
whole or a part.  

• In 2nd grade, 
transition from 
concrete materials to 
a bar model.



Let’s Try It!



Additive Comparison Model
• Compare two quantities & model shows the 

difference.  

• Can see the quantitative relationship among the 
three quantities: larger quantity, smaller quantity 
and the difference. 



Let’s try it





• There are some children on a soccer team. 
There are more boys than girls.



• There are some children on a soccer team. 
There are 8 more boys than girls.



• There are 36 children on a soccer team. 
There are 8 more boys than girls.



• There are 36 children on a soccer team. 
There are 8 more boys than girls. How many 
girls are there? How many boys are there?



Various ways to solve – have students share and discuss!

(a) 36 – 8 = 28 
	 28 ÷ 2 = 14  or 14 × 2 = 28    so    14 girls  and   14 + 8 = 

22 boys 

(b) 36 + 8 = 44 
	 44 ÷ 2 = 22 boys    and      22 – 8 = 14 girls 

(c) 36 ÷ 2 = 18 (line them up!) 
	  but 8 more so 8 ÷ 2 = 4 
	 18 + 4 = 22 boys     and     18 – 4 = 14 girls



…and even more

(d) x + (x + 8) = 36   where x is girls 
	 	so 2x + 8 = 36 
	              2x = 28 
	 		          x = 14 girls and boys = 14 + 8 = 22 boys 

(e) x + (x – 8) = 36 where x is boys 
	 so 2x – 8 = 36 
	 	 	  2x = 44  so x = 22 boys and girls = 22-8=14



Part- Whole Model With Multiplication

• There are 5 boxes of pencils. Each box 
contains 12 pencils. How many pencils are 
there in all? 





Part- Whole Model With Division

• A grower picks 60 oranges. The grower 
packs them equally into 5 boxes. How many 
oranges does the grower package into each 
box? 



Part- Whole Model With Division



• Mr. Monta picked 450 flowers. He sold them 
in bunches of 6. Each bunch was sold for 
$5. How much money did he make?



Comparison Model With Multiplication

• Zach has 342 stamps. Ron has twice as many 
stamps. How many stamps does Ron have? 



Comparison Model With Multiplication



You Try It!



Adding & Subtracting Fractions with Bar Modeling



There are 20 plates in a set. 3/4 of the plates are blue. How 
many plates are blue? How many plates are not blue?



Solving Fraction Problems with Bar Model



Judy bought some pieces of fruit. 2/5 of 
them were pears. She bought 12 pears. How 
many pieces of fruit did she buy altogether?



Fractional Parts of a Whole



Try it on Your Own!



Finding Fractional Part of a Set



Multiplying Fractions with Bar Modeling



Mr. Anderson gave part of his money to 
his wife and spent part of the 
remainder. He had some money left.



Mr. Anderson gave 2/5 of his money to 
his wife and spent a part of the 
remainder. He had some money left.



Mr. Anderson gave 2/5 of his money to 
his wife and spent 1/2 of the remainder. 
He had some money left.



Mr. Anderson gave 2/5 of his money to 
his wife and spent 1/2 of the remainder. 
He had $300 left.



Mr. Anderson gave 2/5 of his money to his wife and spent 1/2 
of the remainder. If he had $300 left, how much did he have 
at first? 



Mr. Anderson gave 2/5 of his money to 
his wife and spent a part of the 
remainder. If he had some left, how 
much did he have at first?

All of his money



Mr. Anderson gave 2/5 of his money to 
his wife and spent a part of the 
remainder. If he had some left, how 
much did he have at first?

All of his money

Gave to wife



Mr. Anderson gave 2/5 of his money to 
his wife and spent 1/2 of the remainder. 
If he had some left, how much did he 
have at first?

All of his money

Gave to wife

Spent Left



Mr. Anderson gave 2/5 of his money to his 
wife and spent 1/2 of the remainder. If he 
had $300 left, how much did he have at first?

All of his money = ?

Gave to wife

Spent Left

$300



Mr. Anderson gave 2/5 of his money to 
his wife and spent 1/2 of the remainder. 
If he had $300 left, how much did he 
have at first?

All of his money = ?

Gave to wife

Spent Left

$200 $200 $200

$300$300



Mr. Anderson gave 2/5 of his money to 
his wife and spent 1/2 of the remainder. 
If he had $300 left, how much did he 
have at first?

All of his money = ?

Gave to wife

Spent Left

$200 $200 $200

$300$300

$200$200



• At a fair, there were half as many men as 
women. The number of adults was a third 
that of children. 



• At a fair, there were half as many men as 
women. The number of adults was a third 
that of children. There were 3,600 people at 
the fair. 



• At a fair, there were half as many men as 
women. The number of adults was a third 
that of children. There were 3,600 people at 
the fair. How many children were there?



How would you solve this 5th grade problem?

Mrs. Chen made some tarts. She sold 3/5 of 
them in the morning and ¼ of the remainder in 

the afternoon. If she sold 200 more tarts in 
the morning than in the afternoon, how 
many tarts did she make?



Mrs. Chen made some tarts.

Draw a bar to represent all the tarts.



She sold 3/5 of them in the morning…

Cut the bar into 5 equal pieces. Shade 3 of them to 
show the tarts sold in the morning.

     morning



…and ¼ of the remainder in the afternoon.

Cut the unshaded part into 4 equal pieces. Shade 1 
of them to show the tarts sold in the afternoon.

     morning afternoon



…and ¼ of the remainder in the afternoon.

Cut the red boxes in half to make all of the boxes 
the same size.

     morning afternoon



…she sold 200 more tarts in the morning than 
in the afternoon…

There are 5 more morning boxes than afternoon 
boxes. We can use the unitary method to find the 
value of 1 box. 

 5 units = 200 tarts 

 1 unit = 200 ÷ 5 = 40 tarts 

“Unitary” method

     morning afternoon

40



…how many tarts did she make?

There are 10 boxes in all.  

 5 units = 200 tarts 

 1 unit = 200 ÷ 5 = 40 tarts 

 10 units = 40 x 10 = 400 tarts

     morning afternoon

40

 ?



Mrs. Chen made some tarts. She sold 3/5 of them in the morning and ¼ 
of the remainder on the afternoon. If she sold 200 more tarts in the 
morning than in the afternoon, how many tarts did she make?

Mrs. Chen made 400 tarts. 

Expression: 200 ÷ 5 x 10 = 400

     morning afternoon

40

 ?



Thank you! 	


